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We establish a quantitative relationship between the entanglement content of a single quantum chain at a
critical point and the respective entropy of entanglement. We find that surprisingly, the leading critical scaling
of the single-copy entanglement with respect to any bi-partitioning is exactly one half of the entropy of entan-
glement, in a general setting of conformal field theory and quasi-free systems. Conformal symmetry imposes
that the single-copy entanglement scales as E1(ρL) = (c/6) logL− (c/6)(π2/ logL) +O(1/L), where L is
the number of constituents in a block of an infinite chain and c denotes the central charge. This shows that from
a single specimen of a critical chain, already half the entanglement can be distilled compared to the rate that is
asymptotically available. The result is substantiated by a quantitative analysis for all translationally invariant
quantum spin chains corresponding to all isotropic quasi-free fermionic models. An example of the XY spin
chain shows that away from criticality the above relation is only maintained near the quantum phase transition.
PACS numbers: 03.75.Ss, 03.75.Lm, 03.75.Kk
How much entanglement is contained in a many-body sys-
tem at zero temperature? Variants of this question have re-
ceived a significant attention in recent years, notably in the
context of condensed matter systems [1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 16]. In particular, it has turned out
that the scaling of entanglement quantities – similar to that of
two-point correlators [17] – is indeed intimately intertwined
with critical behavior, and that signatures of quantum phase
transitions become manifest. In one-dimensional systems in
particular, it has been found that criticality is typically accom-
panied with the entanglement of a subblock consisting of a
number of consecutive constituents to be logarithmically di-
vergent [3, 4, 5]. Such a behavior of the entropy of a sub-
block has also been linked to the performance of numerical
DMRG-type simulations in many-body systems close to crit-
ical points [3, 15]. This quantity has a clearcut interpretation
in entanglement theory: the entropy measures the degree of
entanglement, in that it determines the optimal rate at which
maximally entangled pairs can be distilled from a given state.
Such a procedure may invoke any collective local quantum
operations, assisted with classical communication (LOCC),
under the assumption that one has infinitely many identically
prepared spin systems at hand [18]. So in the present context,
it would quantify the entanglement in this asymptotic sense,
when operating locally on a subblock and the rest of the sys-
tem, but on many identical systems.
Needless to say, one may equally reasonably ask: how
much entanglement is contained in a single specimen of a
many-body system? This is meant as the largest entangle-
ment content that any apparatus could potentially distill with
certainty from just one quantum chain at hand, resembling
the situation that one would actually encounter in any ex-
periment. More specifically: what is the largest dimension
of a maximally entangled state – or, equivalently, the maxi-
mum number of maximally entangled qubit pairs – that can
be distilled with certainty from a single specimen of a sys-
tem with any physical device? The logarithm of this quan-
tity, introduced in Ref. [16], will be referred to as single-copy
entanglement. That is, for a state ρ of a one-dimensional
chain with reduction ρL to a block consisting of L consec-
utive constituents we write for the single-copy entanglement
E1(ρL) = logM if ρ 7−→ |ψM 〉〈ψM | under LOCC, where
|ψM 〉 = M
−1/2
∑M
i=1 |i, i〉 [19]. Noting that single-copy
transformation of pure states under LOCC is governed by a
majorization relation to the reduced states [20], one finds that
E1(ρL) = log⌊1/λ1⌋, where λ1 is the largest eigenvalue of
the reduced state ρL of a block of length L [21].
In this work, we establish a fully quantitative relationship
between this single-copy quantity and the geometric entropy
– the entropy of entanglement – valid in a very large class
of many-body systems at a critical point. More specifically,
for a subblock of length L we compare the single-copy entan-
glement E1(ρL) with the entropy of entanglement S(ρL) =
−tr[ρL log ρL] [22]. We invoke the machinery of conformal
field theory [24] and of quasi-free systems to relate these en-
tanglement contents for a single specimen and the maximal
asymptotically achievable rate. Conformal symmetry will re-
veal a result that would otherwise appear mysterious: we find
in this setting of conformal field theory that the single-copy
entanglement is just half the entropy of entanglement, in the
leading contribution, i.e.,
lim
L→∞
S(ρL)
E1(ρL)
= 2. (1)
In a single run, with a single invokation of a physical device
acting on one system, one can obtain half the entanglement
per specimen that is asymptotically available. This also gives
a guideline how much entanglement one can expect to observe
in actual single specimens of critical quantum systems.
This result also reveals an intriguing relationship between
the largest eigenvalue of the reduction ρL and its full spec-
trum of the reduction in a very large class of critical systems
in the context of conformal field theory. These findings will
be further substantiated by analogous results on a chain: for
2all translationally invariant quantum spin Hamiltonians that
can be mapped onto isotropic quadratic fermionic Hamiltoni-
ans under Jordan-Wigner transformations [17], we find that if
the entropy of a block is logarithmically divergent, so is the
single-copy entanglement, with a factor of two difference in
the prefactor. We finally check with the analytical example of
the XY spin chain that, away from criticality, this simple rela-
tion between single-copy entanglement and entanglement en-
tropy only holds close to the quantum phase transition point.
Exact conformal field theory computation. – Physical prop-
erties of quantum many-body systems are dictated at critical-
ity by the underlying symmetry under scale transformations.
If these systems are described by means of a quantum field
theory setting, it can be seen that the underlying symmetry
group is even larger and becomes the so-called conformal
group of transformations. Many body systems on a lattice
such as spin chains at a critical point are assessible by a con-
formal field theory that is invariant under the conformal group.
In 1 spatial dimension, this group completely determines the
physics of the system at hand [24]. A key role is played by
the central charge c of the system, the value of which will de-
pend on the particular theory under consideration. Our result
particularizes to a wide variety of quantum chains at critical-
ity, such as the quantum XX spin model (c = 1), the critical
quantum Ising model (c = 1/2) or the critical 3-state Potts
model (c = 4/5) [24]. In our setting, for a block of size L,
conformal field theory provides us with an expression for the
reduced density matrix, which describes the vacuum of the
theory. We find [14, 24, 26]
ρL =
1
ZL(q)
q−c/12q(L0+L¯0) , (2)
where L0 and L¯0 are some positive semi-definite operators,
ZL(q) = q
−c/12tr[q(L0+L¯0)] is the partition function on a
torus, q = e2πiτ , τ = (iπ)/(log(L/ǫ)) being the so-called
modular parameter, c is the central charge, and ǫ being a short-
distance cut-off which regularizes the theory. For the particu-
larly important case of critical quantum chains ǫ = 1, corre-
sponding to the lattice spacing of the chain [25]
The largest eigenvalue of the density matrix corresponds to
the zero eigenvalue of (L0 + L¯0), that is,
λ1 =
1
ZL(q)
q−c/12. (3)
We then get for the single-copy entanglement E1(ρL) =
log⌊1/λ1⌋ = log⌊ZL(q)q
c/12⌋. The leading behavior for the
partition function can be computed when L is large by taking
advantage of its invariance under the so-called modular trans-
formations [24, 27]. It is now possible to expand the partition
function in powers of q˜, q˜ = e−2 logL, as being done in Refs.
[14, 26], and find that the leading contribution originates from
the central charge c, logZL(q˜) = −(c/12) log q˜+O (1/L) =
(c/6) logL + O (1/L). This result translates into an explicit
expression for the single-copy entanglement
E1(ρL) =
c
6
logL−
c
6
π2
logL
+ O (1/L) . (4)
Eq. (4) is exact up to polynomial corrections in 1/L since no
further powers of 1/ logL appear in the expansion [28].
Similar conformal field theory manipulations were used to
show that the von Neumann entropy for the reduced density
matrix is given by S(ρL) = −(c/6) log q˜ + O (1/L) [26],
which implies a direct relation between entropy and single-
copy entanglement
E1(ρL) =
1
2
S(ρL)−
c
6
π2
logL
+O((1/L) logL), (5)
the last subleading correction being easily calculated from the
results in Ref. [26]. This result fixes completely the value
of the leading eigenvalue of the reduced density matrix of
the block of size L to be dictated by its entropy, that is,
limL→∞ log(1/λ1)/S(ρL) = 1/2. Corrections to this limit
can be obtained from Eq. (5). Quite remarkably, all the eigen-
values will inherit the same leading behavior and differ by
their subleading corrections controlled by the positive eigen-
values of (L0 + L¯0). This result establishes the quantitative
connection between the single-copy entanglement and the ge-
ometric entropy in all critical systems that can be described in
the framework of conformal field theory.
Spin chains corresponding to general quasi-free fermionic
models. – We will aim at strenghening the previously achieved
result by investigating the same question in a different setting:
we will investigate all translationally invariant spin models
that can, under a Jordan-Wigner transformation, be written
as an isotropic quadratic Hamiltonian in fermionic operators.
This setting includes the XX model.
The Jordan-Wigner transformation relates the Pauli op-
erators in the spin system to fermionic operators obeying
{cj, ck} = 0 and {c†j, ck} = δj,k, according to
σxl =
∏
k<l
σzk(cl+c
†
l ), iσ
y
l =
∏
k<l
σzk(cl− cˆ
†
l ), σ
z
l = 1−2c
†
l cl.
(6)
The ground state is a quasi-free fermionic state, so a state
that is completely characterized by the second moments of
fermionic operators. Consider now such an infinite spin
chain that corresponds to a general translationally invariant
isotropic quasi-free fermionic model. These embody chain
systems the Hamiltonian of which can be cast into the form
H =
∑
l,k c
†
lAl−kck, with some general Al = A−l ∈ R of
which we do not make an assumption. The statement we ar-
rive at is the following: if the entropy satisfies
S(ρL) = ξ logL+O(1), (7)
for some ξ > 0, then the single-copy entanglement satisfies
E1(ρL) =
1
2
S(ρL) +O(1). (8)
That is, if we find that the entropy of entanglement scales
asymptotically as the logarithm of L – as encountered in this
class of systems exactly at criticality – then we can infer that
the single-copy entanglement will be asymptotically exactly
one half of it, in the leading order terms. This does notably
3not fix such a relationship in case that, for example, the sys-
tem is gapped and the entropy of entanglement saturates. This
statement follows from the subsequent argument.
The reduced state of a block of length L is entirely speci-
fied by the eigenvalues of the real symmetric L × L Toeplitz
matrix TL, which defines the second moments of fermionic
operators. The fact that TL is a Toeplitz matrix reflects the
translational invariance of the model, being symmetic fol-
lows from the isotropy. The l-th row of this matrix is given
by (t−l+1, t−l+2, ..., t0, ..., tL−l) [30]. The latter represents
the Fermi surface, and essentially characterizes the fermionic
model. The eigenvalues of TL will be labeled as µ1, ...µL ∈
[−1, 1], which are the zeros of the characteristic polynomial
F : C → C, F (z) = det[zIL − TL]. This function F is
meromorphic, and all its real zeros are contained in the inter-
val [−1, 1], corresponding to the spectrum of TL. The entropy
of entanglement can be obtained as S(ρL) =
∑L
l=1 fS(1, µl)
[9, 11], where fS : R+ × C → C as a complex embedding is
defined as fS(x, y) = −((x+ y)/2) log((x + y)/2)− ((x −
y)/2) log((x−y)/2) to avoid problems with non-analyticities.
Actually, we can write [9, 11]
S(ρL) = lim
εց0
lim
δց0
1
2πi
∫
fS(1 + ε, z)
F ′(z)
F (z)
dz. (9)
The contour of the integration is shown in Fig. 1, which is as
in Ref. [16], but slightly different from the one in Ref. [9].
In turn, we may write − logλ1 =
∑L
l=1 f1(0, µl) [16], in
terms of the above µ1, ..., µL, where now f1 : R+ × C → C,
f1(ε, z) = − log((1+(z
2+ε2)1/2)/2). Respecting the cuts of
the logarithm (see Refs. [16] and [33]), we may cast − logλ1
and hence (up to integer brackets) E1(ρL) into the form
− logλ1 = lim
εց0
lim
δց0
1
2πi
∫
f1(ε, z)
F ′(z)
F (z)
dz. (10)
Now we know that TL is a real symmetric Toeplitz matrix,
which means that we can assess the asymptotic behavior of
their determinants. This can be done using proven instances
of the Fisher-Hartwig conjecture [11, 32]; proven instances,
as we consider isotropic models [11]. Concerning the function
F : C → C, this observation enables us to write
F ′(z)
F (z)
= a(z)L− b(z) logL+O(1), (11)
where b(z) = −2Rβ(z)β′(z), with β : C → C being a func-
tion defined as β(z) = log((z + 1)/(z − 1))/(2πi), see Refs.
[11]. R in turn is half the number of discontinuities of the
above symbol in the interval [0, 2π). For the XX model, e.g.,
we have that R = 1. Now, if Eq. (7) is valid, then
lim
εց0
lim
δց0
∫
fS(1 + ε, z)a(z)dz = 0. (12)
But since S(ρL) ≥ E1(ρL) for all L ∈ N, necessarily
limεց0 limδց0
∫
f1(ε, z)a(z)dz = 0 must hold. Hence, we
only have to consider the logarithmically divergent term. It is
PSfrag replacements
iδ
−iδ
ǫ/2
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FIG. 1: Contour of integration to be taken in case of both the entropy
of entanglement and the single-copy entanglement.
sufficient for our argument, therefore, for the entropy of en-
tanglement and for the single-copy entanglement to consider
the contour integrals
IS = lim
εց0
lim
δց0
1
2πi
∫
fS(1 + ε, z)b(z)dz, (13)
I1 = lim
εց0
lim
δց0
1
2πi
∫
f1(ε, z)b(z)dz. (14)
b is analytic outside [−1, 1]. In turn, this means that the con-
tributions of the circle pieces vanish in both cases. Hence, we
finally arrive at
S(ρL) =
R
π2
∫ 1
−1
dx
fS(1, x)
1− x2
logL+O(1), (15)
E1(ρL) =
R
π2
∫ 1
−1
dx
f1(0, x)
1− x2
logL+O(1). (16)
Since f1(0, x) = − log(1 + |x|)/2 for x ∈ [−1, 1], this gives
S =
R
3
logL+O(1), E1 =
R
6
logL+O(1), (17)
which in turn implies the validity of Eq. (8): In these models,
whenever the system is critical, the single-copy entanglement
is again exactly half the asymptotically available in its lead-
ing contribution. This gives further substance to the previous
consideration in a language of conformal field theory.
Single-copy entanglement away from criticality. – The re-
lation between single-copy entanglement and entropy can be
demonstrated near critical points in some integrable models.
We illustrate this fact using the XY spin chain, in a slightly
different set-up: we consider the chain of length N with pe-
riodic boundary conditions, where the half chain L = N/2
constitutes one system. For large N , the density matrix of the
system can be arbitrarily well approximated in trace-norm by
e−H
tr[e−H ]
, H =
∑
k
ǫkd
†
kdk, ǫk =
{
2kǫ , if λ < 1
(2k + 1)ǫ , if λ > 1 ,
(18)
[6]. Here, k ∈ N, λ ∈ R is the parameter controlling the
external magnetic field, λ∗ = 1 corresponds to the quan-
tum phase transition point, and ǫ = π(I((1 − x2)1/2))/I(x),
I : C → C is the complete elliptic integral of the first kind,
I(x) =
∫ π/2
0 dθ/(1− x
2 sin2(θ))1/2. x is related to λ and γ:
x =
{
(λ2 + γ2 − 1)1/2/γ , if λ < 1,
γ/(λ2 + γ2 − 1)1/2 , if λ > 1 ,
(19)
4with the condition λ2 + γ2 > 1 (external region of the BM-
circle [32]). A computation of the single-copy entanglement
with respect to this partitioning can be performed in terms
of ǫ, transforming sums into integrals by means of the Euler-
McLaurin expansion, and finding
− logλ1 =
{
π2
24ǫ −
ǫ
24 +O(e
−ǫ) if λ < 1,
π2
24ǫ +
log 2
2 +
ǫ
12 + O(e
−ǫ) if λ > 1.
(20)
No subleading corrections in powers of ǫ do appear in the ex-
pansion. On the other hand it can be seen by explicit evalua-
tion that that the entropy of the reduction ρL,ǫ can be related
in this case to the single copy-entanglement by S(ρL,ǫ) =
−
(
1− ǫ ∂∂ǫ
)
logλ1, which shows that
lim
ǫ→0
E1(ρL,ǫ)
S(ρL,ǫ)
=
1
2
. (21)
This is precisely the limit where the theory becomes critical.
In this work we have shown that the leading critical scal-
ing of the single-copy entanglement is exactly one half of the
entropy of entanglement in critical quantum spin chains, us-
ing tools of conformal field theory. We have also provided an
analysis for all translationally-invariant quantum spin chains
that can be mapped onto an isotropic quasi-free fermionic
model under a Jordan-Wigner transformation, leading to sim-
ilar conclusions. Away from criticality, this simple relation
is recovered when approaching the quantum phase transition
point, as seen in the XY model. It is a fact that the single-copy
entanglement could be experimentally studied in, for instance,
systems of cold atoms in optical lattices, ions in ion-traps,
or solid-state devices. Our hope is that the results we have
presented here will serve as guideline for that kind of experi-
ments, as well as for a better understanding of the structure of
the ground state correlations in quantum spin chains.
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Note added: After completion of this work, we became
aware of the independent work Ref. [34], where the first
(leading-order) term for single-copy entanglement in the con-
formal case was also discussed in detail and clarity.
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